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1 Introduction 

What is the origin of fermion masses and mixing angles is one of important 
issues in particle physics. They are determined by Yukawa couplings within the 
framework of the standard model as well as its extension. In a sense, 0(1) of 
Yukawa couplings seem natural. From this viewpoint, how to derive hierarchically 
suppressed Yukawa couplings is a key-point in understanding the hierarchy of 
fermion masses and mixing angles. 

Superstring theory is a promising candidate for unified theory. Thus, it must 
predict fermion masses and mixing angles. Actually, Yukawa couplings have been 
studied in several types of 4D string models, that is, selection rules have been in- 
vestigated and 0(1) of Yukawa couplings have been calculated explicitly in many 
4D string models. Among them, heterotic orbifold models [1] as well as inter- 
secting D-brane models are interesting, because they lead to suppressed Yukawa 
couplings depending on moduli [2, 3, 4]. Calculations of such moduli-dependent 
Yukawa couplings are possible in orbifold models [2, 3, 5, 6], since string the- 
ory can be solved on orbifolds. Calculations of Yukawa couplings in intersecting 
D-brane models are similar to those in heterotic orbifold models [7, 8, 9]. Fur- 
thermore, the selection rule due to space group invariance in orbifold models 
seems unique [2, 10, 11], e.g. compared with Zjy discrete symmetries. It allows 
non-trivially off-diagonal couplings. Hence, orbifold models have a possibility for 
leading to realistic mixing angles as well as fermion masses. On the other hand, 
the selection rule for allowed couplings in intersecting D-brane models is model- 
dependent. As much as we are aware, there are no intersecting D-brane models 
with realistic values of mixing angles at tree-level with the minimal number of 
Higgs fields. Therefore, it is important to study systematically the possibility for 
leading to realistic fermion masses and mixing angles in heterotic orbifold models. 

Indeed, a similar study has been done in Ref. [12]. However, the analysis in 
Ref. [12] concentrated rather only to the second and third diagonal elements of 
Yukawa matrices, that is, the mass ratios between the second and third fami- 
lies. The other entries were assumed to be generated through higher dimensional 
operators like the Froggatt-Nielsen mechanism. Indeed, it is plausible that non- 
renormalizable couplings play a role for suppressed entries in Yukawa matrices. 
However, in realistic patterns of Yukawa matrices, the (2,3) and (3,2) entries are 
the same as or larger than the (2,2) entries. Thus, if we assume that the (2,2) en- 
tries are originated from stringy renormalizable couplings, it is natural to expect 
the (2,3) and (3,2) entries are also obtained as stringy renormalizable couplings. 
In this paper we study the possibility for predicting a realistic mixing angle as 
well as mass ratios. We concentrate ourselves mainly to (2 x 2) sub-matrices of 
the second and third quark families. We study systematically the possibility for 
obtaining realistic values of Vcb and mass ratios nic/mt and ms/mi,. Then, we 
will show examples to lead to them. To our knowledge, our result is the first 
examples, which show explicitly the possibility for predicting realistic values of 



mixing angles by use of only renormalizable couplings in string models, when we 
consider a pair of up and down Higgs fields, although already there are proposals 
to introduce more Higgs fields to lead to realistic Yukawa matrices [13]. 

2 Orbifold models and selection rule 

2.1 Fixed points and twisted sectors 

Here we give a brief review on the structure of fixed points on orbifolds and 
corresponding twisted states. (See for their details Ref. [10, 11].) An orbifold is 
defined as a division of a torus by a discrete rotation, i.e., a twist 9. For example, 
the 2D Z^ orbifold is obtained by dividing R^ by the SU{'i) root lattice and its 
automorphism ^, that is, the Coxeter element of S'f/(3) algebra, which transforms 
the S'f/(3) simple roots ci and 62, 

6*61 -^ 62, 6e2 -^ -ei - 62. (1) 

Thus, the twist 9 is the Z^ rotation. Similarly, the 2D Zq orbifold is obtained as 
a division of R^ by the G2 lattice and the G2 Coxeter element, which transforms 
the G2 simple roots ei and 62, 

9ei -^ -ei - 62, 9e2 -^ 3ei + 2e2, (2) 

that is, the Zq twist. 

The 6D Z3 orbifold is a direct product of three 2D Z3 orbifolds. Similarly, 
the so-called 6D Zq-\ orbifold is a direct product of two 2D Zg orbifolds and 
one 2D Z3 orbifold, that is, eigenvalues of its twist 9 are obtained as ^ = 
diag(e^'^*/^, e^'^*/^, e~^'^*/^). Other 6D orbifolds are also defined in the same way 
as a division of R^ by a Lie lattice A and its Coxeter element 9^ 

On an orbifold, there are two types of closed strings. One type is untwisted 
strings, which are closed before orbifold twisting, and the other type is twisted 
strings. The latter plays a important role here and has the following twisted 
boundary condition, 

X\a = 2n) = {9''Xy{a = 0) + ne\ (3) 

where e* is the lattice vector defining A and n is an integer. Thus, ground states 
of 9'' twisted sectors are assigned with fixed points / on the orbifold, which are 
defined as 
r = (O^fY + ne\ (4) 

''See Ref. [10, 11] for details of Lie lattices and their Coxeter elements, which realize Zn 
orbifold twists. 



This fixed point / is presented by the corresponding space group element {6^, ne*). 
For example, the 2D Z^ orbifold has three fixed points under 6, and those are 
obtained as 

9^1 = (0, 0), gZ = (2/3, 1/3), ^£^(1/3, 2/3), (5) 

in the SU{3) simple root basis, up to (1 — 9)Asu{3)- Furthermore, those are 
denoted as 

^gi: iO,ne'), (6) 

where n = 0,1,2. The corresponding twisted grounds states are obtained as 
\9z3i) with n = 0,1,2. Twenty seven fixed points on the 6D Z3 orbifold are 
obtained as direct products of three fixed points on the 2D orbifolds as 



9t\^9tA^9tl (7) 



where n,n',n" = 0,1,2, and moreover the corresponding twisted ground states 
are denoted as 

l^gi) ® \9Si) ® I^S)- (8) 

6'^-twisted states are CPT conjugates of 6'- twisted states. 

Similarly, fixed points on the 2D Zq orbifold are obtained. There is only one 
fixed point under 6 on the 2D Zq orbifold, that is. 



^S,i = (0'0)' (9) 

in the G2 simple root basis. Furthermore, there are three fixed points under 6'^, 

9^. = (0, 0), 9^,2 = (0, 1/3), ^go = (0, 2/3). (10) 



Recall that these fixed points are defined up to the G2 lattice. ^ The correspond- 
ing three twisted ground states are denoted as Ig^j. 2)- However, note that all of 

three points gzl2 ^^^ ^'^^ fixed under 9. While gz^2 i^ ^^ill ^ fixed point of 9, 
the two fixed points gze2 ^^^ 9ze2 ^^^ transformed to each other by 9. Phys- 
ical states consist of ^-eigenstates. Thus, we take linear combinations of states 
corresponding to gz^2 ^^^ 9ze2 ^^ [14, 10] 

I& ±1) = ;^ (1^2,2) ±I^S,2)), (11) 

with the eigenvalues 7 = ±1, while the state \gz 2) corresponding to the fixed 
point gz^2 is a ^-eigenstate. 

^For example, for the fixed point Qz 2 ^ (0i2/3), it is often useful to use the following 
point, .9^ 2 ^ (li2/3), in order to calculate Yukawa couplings, because this point is closer to 
the origin than (0, 2/3) and we have exactly 6{0, 1/3) = (1, 2/3). 



In addition, there are four fixed points under 9^, 

4°i3 = (0,0), 4'i3 = (0,1/2), 

^g,3 = (1/2,0), ^^,3 = (1/2, 1/2). (12) 

Recall again that these fixed points are defined up to the G2 lattice. ^ Not all of 
four points are fixed under 9. The ^-eigenstates for each G2 part are obtained as 

I^S.s)' 1^2,35 ^) - 77^ (1^2,3) + iWzlz) + 7^|t/ze,3)) , (13) 

where 7 = 1, a;, cu^ with oj = e^'^*/^. 

Fixed points and twisted ground states for the 6D Zq-1 orbifold are obtained 
as direct products of two 2D Zq orbifolds and one 2D Z^ orbifold. The 9 twisted 
sector has the following fixed points, 



Ci®&®&' (14) 

for i = 0, 1, 2, and the corresponding ground states are denoted as 

l^g,i)®I^S,i)®l^ti)- (15) 

The 9'^ twisted sector has the following fixed points, 

9t2®9%]2®9f„2, (16) 

for i, i',j = 0, 1, 2. The 6'-eigenstates are obtained as 

I^S,2;7)® 1^2,2) ®l^g,2), 

l^g,2)®l&7')®l^g,2), (17) 

l^£,2;7)®l^£,2;7')® 1^2,2), 

for 7,7' = ±1. The 9^ twisted sector has the following fixed points, 

(m) ^__ (m') /I o\ 

9zj2^9zJ, (18) 

for m, m' = 0, 1, 2, 3. The ^-eigenstates are obtained as 

\9Z)^\9Pj, 

I^Z6,3;7)® 1^2,3), 

I^S,3)®I^£,3;7'), (19) 
\9zl3; 7) ® 1^2,3; 7'), 

^For Yukawa calculations, the following fixed points are often useful, .g^ 3 = (0,0), .g^ 3 = 
(1,1/2), g^^l^ = (1/2,0), g^l, = (1/2,1/2). 



where 7, 7' = 1, u, uP'. 

Similarly, we can study fixed points and the structure of ground states for 
other Zjq orbifolds, and those are explicitly shown in Ref. [10, 11]. In what 
follows, the d^ twisted sector of Z^ orbifold models is denoted as T^. 

2.2 Selection rule 

Here we give a brief review on the selection rule for Yukawa couplings in orbifold 
models. (See for their details Ref. [10, 11].) The fixed point / is denoted by its 
space group element, (^^, (1 — 9'')f), as said in the previous subsection. Thus, 
the three states corresponding to three fixed points (^^% (1 — 9^^)fi) for i = 1, 2, 3 
can couple if the product of their space group elements Hil^^S (1 ^ 9^^)fi) is 
equivalent to identity. Here, note that the fixed point {9^ , (1 — 9^)f) is equivalent 
to {9^, (1 — 9^){f + A)), that is, they belong to the same conjugacy class. Thus, 
the Yukawa coupling among three states is allowed if 

n(^'% (1 - ^'0/.) = (1, E(i - ^'0^)- (20) 

i i 

This is called the space group selection rule [2]. That includes the point group 
selection rule, which requires a product of twists, Jlj^'^S to be identity. 

For example, let us consider the TiTiTi coupling in the Z3 orbifold models. 
The Ti sector of the 2D orbifold has three fixed points, Qz^i (^ = ^I'^i'^)^ ^"^^ 

three states corresponding fixed points (7^3 i, fi'zs 1 ^'^^ 9zii can couple when the 
following equation is satisfied, 

^1+^2 + ^3 = (mod 3). (21) 

Hence, couplings on the 2D Z^ orbifold are diagonal, that is, when we choose two 
states, the other state, which is allowed to couple with them, is fixed uniquely. 
Since the Ti sector on the 6D Z^ orbifold is obtained as a direct product of 
those on the 2D Z3, all of Yukawa couplings on the 6D Z3 orbifold are diagonal. 
Therefore, we always obtain the following form of Yukawa matrix, 

/V-n \ 
1^ = ^22 , (22) 

V 1-33 / 

when we consider only one pair of up and down Higgs fields. Thus, in this type of 
models we can not derive non-vanishing mixing angles. All of Z^ orbifold models 
with A^ = 1 4D supersymmetry are classified as Z3, Z4, Zg-I, Zq-11, Z^, Zg-l, 
Zg-Il, Zi2-\ and Z12-U. orbifolds [1, 15, 16]. The situation in Zi orbifold models 
is the same as one in Z^ orbifold models, and one can not derive non-vanishing 
mixing angles only with renormalizable couplings and the minimal number of up 
and down Higgs fields. 



However, the situation is different for non-prime order orbifold models, and 
off-diagonal couplings are allowed. For example, let us consider Zq-I orbifold 
models. The 6D Zq-1 orbifold consists of G2 x G2 x SU{3) part. The SU{3) part 
is the same as the Z^ orbifold, and only diagonal couplings are allowed. Thus, this 
part is irrelevant to us, and we concentrate to the G2 x G2 part. Among Yukawa 
couplings of twisted sectors, the point group selection rule and if-momentum 
conservation [17] allow only the following couplings [14], 

fiT2f3, f2f2f2. (23) 

For the T1T2T2, couplings, the space group selection rule requires only that the 
product of 6'-eigenvalues among coupling states must be equal to identity, that 
is, 117 = 1- Thus, the twisted states relevant to allowed T1T2T3 couplings are the 
single Ti state, 

-;; -;; (24) 

and the five T2 states. 





d)®d)> 




f^'^ 


- 9^2)^ &2), 




f^^ 


= ^S,2)® ^2,2;+i), 




fi3) 


= ^2,2; +1) ® ^^2), 




^(4,7) 


= ^£,2; 7)® ^£,2; 7" 


') 



(25) 



where 7 = ±1, and six T3 states, 

fP = I^Sa)® 1^2,3; +1), 

fP = 1^2,3; +1)®I^S,3), (26) 

where 7 = l,u;,a;^. Hence, in the case that fermions are assigned with T2 and 
T3 sectors and the Higgs is assigned with Ti, one can obtain non-trivial Yukawa 
matrices for three flavors, whose determinant does not vanish and diagonalizing 
matrix is not identity. 

On the other hand, the space group selection for the T2T2T2 couplings is ex- 
actly the same as one of TiTiTi coupling in Z3 orbifold models, when we consider 
the basis of twisted states corresponding directly to fixed points. However, in the 
Zq-1 orbifold models, we take linear combinations as Eq. (11), and such linear 
combinations can lead to non-trivial mixing. 

We give a comment on the third plane, again. In order to allow Yukawa 
couplings through T1T2T3 couplings, we have to assign the same fixed point on 
the SU{3) plane for Ti and T2, while the SU{3) part is the fixed torus for T3. In 
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this case, we just have 0(1) contribute, which are universal to different ffavors. 
That imphes that also for T2T2T2 couplings the contribution from the third part 
is universal, because we have to assign all of three families of left-handed quarks 
to the same fixed point on the third plane. That leads to an overall suppression 
factor or an overall factor of 0(1). Anyway, that does not contribute to the 
mixing angles or ratios of fermion masses. We neglect this part, and concentrate 
to the G2 X G2 part for the T2T2T2 couplings, too. Actually, in the following 
section we assume all of relevant modes correspond to the same fixed point on 
the SU{3) plane. 

Similarly, we can study Yukawa couplings for other non-prime order Zn orb- 
ifold models. In general, they allow off-diagonal couplings. The numbers of 
twisted states relevant to allowed off-diagonal couplings in Z4, Zq-U, Z^-ll Z12-II 
orbifold models are smaller than one in Zq-1 orbifold models. In the next sub- 
section, we will mention our reason why we do not study Zg-l or Z12-I orbifold 
models. Thus, here we concentrate ourselves to analysis on Yukawa matrices in 
Zq-I models. Yukawa matrices in other orbifold models will be studied systemat- 
ically elsewhere. 

2.3 Yukawa couplings 

The strength of Yukawa couplings has been calculated by use of 2D conformal field 
theory. It depends on locations of fixed points. The Yukawa coupling strength of 
the T1T2T3 coupling in Zg-I orbifold models is obtained for the G2 x G2 part as 
[2, 3, 5, 11] 

y= E exp[-^/J3M/23], (27) 

/23=/2-/3+A 



47r 



up to an overall normalization factor, where 

/ Rl -\Rl 

^ ^ -2-^1 3-Ri 

/?2 — 2'^'i 

V -^Rl 3Rl ) 



{21 



in the G2 x G2 root basis. Here, /2 and f^ denote fixed points of T2 and T3 
sectors, respectively, and Ri corresponds to the radius of the i-th torus, which 
can be written as a real part of the i-th Kahler moduli Tj up to a constant factor ^, 
and the imaginary part of Tj can lead to CP phases. However, we will concentrate 
ourselves to the (2 x 2) sub-matrices. On the other hand, the full (3 x 3) matrices 
are necessary to study physical CP phase. Thus, we do not consider imaginary 



^See Ref. [18] for the proper normalization of the moduli and Yukawa couplings such that the 
transformation Ti ^ Ti + i is a symmetry, that is, we have the relation Re{Ti) — \/3i?f /(IGtt^). 



parts of the Kahler moduli.* The states with fixed points in the same conjugacy 
class contribute to the Yukawa coupling. Thus, we take summation of those 
contributions in eq. (27). However, the states corresponding to the nearest fixed 
points (/2, /s) contribute dominantly to the Yukawa coupling for a large value of 
Ri. Hence, we calculate Yukawa couplings for the nearest fixed points (/2,/3). 
We will give a comment on this point after showing examples in the next section. 
Similarly, the strength of T2T2T2 Yukawa couplings is obtained as 

Y= Yl exp[--^/J3M/23], (29) 

where M is the same matrix as Eq.(28). Here, /2 and f^ denote two of three 
fixed points in T2 sectors. Recall that when we choose two states, the other state, 
which is allowed to couple, is uniquely fixed in the basis of states corresponding 
directly to fixed points. 

Here, we give a comment on the Kahler metric. It also depends on R^, but its 
Ri dependence is the same for a T^ sector, while that is different from another T^ 
sector {k ^ i). Thus, the Ri dependence in the Kahler metric is relevant only to 
the overall magnitude of Yukawa matrices,^ but irrelevant to fermion mass ratios 
and mixing angles when three families of quarks with the same SU{3) x SU{2) x 
U{1)y quantum numbers are assigned with one of T^ sectors. Therefore, only two 
parameters, Ri and R2, are relevant to fermion mass ratios and mixing angles. 

Similarly, we can calculate Yukawa couplings in generic orbifold models, and 
those for all of Z^ orbifold models are shown in Ref. [11]. Off-diagonal couplings 
are originated from the 5*0(9) lattice part for the Zg-I orbifold and the F4 lattice 
part for the Z12-II orbifold. Thus, in these models only one parameter, say Rf, 
corresponding to the volume of the 5*0(9) torus or the F4 torus is relevant to 
mass ratios and mixing angles, while in Zq-1 models two parameters Rf and i?2 
are relevant. That is the reason why we concentrate ourselves to Zq-1 orbifold 
models here, but we will study other Zjv orbifold models elsewhere. 



^Yukawa couplings also depend on other moduli, e.g. continuous Wilson line moduli, but 
here we consider only the dependence of Ri. 

^To be explicit, the f 1X2X3 couplings have the factor 4:Re{Ti)Re{T2)(2Re{T3))'^/'^ due 
to the normalization of the Kahler metric, and the T2T2T2 couplings have the factor 
8Re{Ti) Re{T2) RelT^) due to the normalization of the Kahler metric. Furthermore, Yukawa 
couplings Yijk in global supersymmctric models are related with Yukawa couplings Y^^^ 
in supergravity as Yijk — Y^-^^ > q'\^)I'^ up to Kahler metric [19]. Here, K is the Kahler 

potential and obtained ^s K — — ^^ ln(Ti + Ti) + • • •, where ellipsis denotes the contributions 
due to other fields with large vacuum expectation values. Hence, the Kahler potential K itself 
is also relevant to the overall magnitude of Yukawa matrices, but irrelevant to mass ratios and 
mixing angles. 



muimw) ( 1.7 ±0.5 ) MeV 


md{mw) 


(3.7 ±0.9 ) MeV 


mc{mw) ( 0.667 ±0.027) GeV 


rrTsimw) 


(0.072 ±0.017) GeV 


mt{mw) (175.3 ±5.1 ) GeV 


mh{mw) 


(2.906 ±0.047) GeV 


Vcb (41.2 ± 2.0) X 10-3 


T/ 
Vus 


0.2196 ±0.0023 


Vub (3.6 ± 0.7) X 10-3 







Table 1: Input values used for fitting the moduli. The current quark masses in the 
MS scheme at mw scale are from Ref. [20], and the CKM matrix elements from 
Ref. [21]. (See also Ref. [22].) We supposed that Vub were real in the analysis. 



3 Quark masses and mixing angles 

Here we study systematically the possibilities for leading to realistic quark masses 
and the mixing angle for the second and third families in Zq-1 orbifold models 
by use of the structure of fixed points and the strength of Yukawa couplings 
explained in the previous section. We assume the minimal number of up and 
down Higgs fields. Concerned about the other entries of Yukawa matrices, we 
assume that Yukawa entries relevant to the first family may be originated from 
higher dimensional operators. 

The experimental values are listed in Table 1, and the ratios of running masses 
at the weak scale are displayed in the last row of Table 3. The Yukawa couplings 
(27), (29) are obtained at the Planck scale. Precise values at low energy depend 
on renormalization group fiows, that is, the matter content of models. Thus, we 
do not try to derive exact values, but we try to fit their orders. We concentrate 
to the mass ratios, rric/mt and ms/rnb^ and the mixing angle Vcb, but pay less 
attention to the overall magnitude like Yt and Yb-, because moduli values other 
than Ri and R21 in general, contribute to the overall magnitude as said in the 
previous section and we have ambiguity. 

Zq-I orbifold models have two types of Yukawa couplings, T1T2T3 and T2T2T2. 
The Ti sector has a single relevant state for the G2 x G2 part, that is, there 
is no variety for families. That implies that we have to assign matter fields 
with T2 and T3. Hence, we have five classes of assignments, which are shown in 
Table 2. Here, Q, u and d denote the left-handed quarks, the up and down sector 
of right-handed quarks, respectively. In Assignments 1 and 2, both the up and 
down sectors of Yukawa couplings are originated from T1T2T3 couplings. On the 
other hand, in Assignment 3, the up sector Yukawa couplings are originated from 
T1T2T3 couplings, and the down sector Yukawa couplings are originated from 
T2T2T2 couplings. Oppositely, in Assignment 4, the up sector Yukawa couplings 
are originated from T2T2T2 couplings, and the down sector Yukawa couplings are 
originated from T1T2T3 couplings. In Assignment 5, both the up and down sectors 
of Yukawa couplings are originated from T2T2T2 couplings. 

Here we concentrate ourselves to the T2 and T3 states with 7 = 1. The relevant 
number of T2 states is 4 as Eq.(25). Thus, the possible number that two fiavors 



Class 


Q 


u 


d 


Hu 


Hd 


Assignment 1 


T2 


T3 


T3 


Ti 


Ti 


Assignment 2 


n 


T2 


T2 


Ti 


Ti 


Assignment 3 


T2 


T3 


T2 


Ti 


T2 


Assignment 4 


T2 


T2 


Ts 


T2 


Ti 


Assignment 5 


T2 


T2 


T2 


T2 


T2 



Table 2: Four classes of Assignments 

are assigned with T2 states leading to different magnitudes of Yukawa couplings 
is equal to 6. Similarly, the possible number that two flavors are assigned with 
T3 states leading to different magnitudes of Yukawa couplings is also equal to 6. 
Hence, in Assignment 1 there are 6^ = 216 possibilities, and Assignment 2 also 
has 216 possibilities. 

For Assignment 3, there are further four possibilities to assign Hd with T2 
states. Totally, there are 6^ x 4 = 864. Similarly, Assignment 4 has 864 possibil- 
ities. Moreover, Assignment 5 has 6^ x 4^ = 3456. 

We investigate systematically all of these possibilities,^'^ varying two indepen- 
dent parameters Ri and R2- We find many configurations leading to realistic 
values of mc/mt, ms/mi, and Vcb, which are consistent with experimental values 
up to 0(1) factor. In particular, the numbers of realistic examples in Assign- 
ments 1 and 2 are larger than those in other assignments. Here we show one of 
the best fitting examples in each class of Assignment. Table 3 shows examples 
leading to realistic values of mc/mt, m,s/m,b and Vcb- The first column shows the 
class of Assignments. The second column shows assignments of quarks and Higgs 
fields with twisted states. The third and fourth columns show the values of Rf 
and R2 corresponding to the best fit with the experimental values. The last three 
columns show predicted values of m^c/m^t, m^^/m^b and Vcb- We have also studied 
the cases including T2 states with 7 7^ 1, but we have not obtained more realistic 
results than those shown in Table 3. We do not need to consider T3 states with 
7 7^ 1, since they lead to the same strength of T1T2T3 type Yukawa coupling as 
7 = 1. 

The second row in Table 3 shows an example in the class of Assignment 1. 
Its explicit form of up and down Yukawa matrices are obtained as 



Yu 



0.0416 0.718 
0.0557 0.848 



Yd 



0.0313 0.0416 
0.0370 0.0557 



(30) 



We have neglected a common factor of 0(1). In this example, the down sector 
corresponds to a democratic form, while the up sector is hierarchical. We have the 



^°Iii practice, we have removed trivial possibilities, e.g. matrices with vanishing determinant 
and matrices with degenerate eigenvalues, before numerical study. 
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ratio Yt/Yb = 13. In the class of Assignment 1, there are many examples leading 
to similarly realistic results for mc/mt, ms/mh and Vcb, with both Yt/Yh = 0(1) 
and Yt/Yb = 0(10), including the case with different overall magnitude. 

The third row in Table 3 shows an example in the class of Assignment 2. The 
explicit Yukawa matrices are obtained as 

/ 0.0281 0.439 \ / 0.0199 0.0281 \ , . 

" ~ 1^ 0.0371 0.665 )' '^~ \ 0.0302 0.0371 )' ^^ 

This form is similar to Eq. (30) and leads to the ratio Yt/Yh = 14. In the class 
of Assignment 2, we have many examples leading to similarly realistic values of 
mc/mt, ms/mb and Vcb, with both Yt/Yb = 0(1) and Yt/Yb = 0(10), including 
the case with different overall magnitude. 

The fourth row in Table 3 shows an example in the class of Assignment 3. 
The explicit Yukawa matrices are obtained as 

/ 0.0000636 2.61 x 10"^ \ v - ( ^ '^''^^^^ ^ ^32^ 

" ~ 1^ 0.0000344 0.0168 J ' '^ ~ \ 0.225 0.500 J ' ^^ 

This leads to realistic values for rric/mt, rris/mb and Vcb, but the ratio Yt/Yb is 
small. If we change the configuration on the SU{3) part for the down sector such 
that Q, d and Hd correspond to different fixed points on the S'f/(3) part, we can 
obtain a small value of Yb. However, this example leads to too much suppressed 
top Yukawa coupling. Similarly, in Assignment 3, most of examples leading 
to realistic values of mc/rrit, nis/mb and Vcb predict the top Yukawa coupling, 
which is smaller than 0(1). Thus, these examples may lead to smaller top mass 
than the experimental value. One solution for this problem is to enhance the 
overall magnitude of Yukawa couplings by choosing suitable values of moduli, 
which contribute only the overall size of Yukawa couplings (through the Kahler 
potential), but not ratios or mixing angles. 

The fifth row in Table 3 shows an example in the class of Assignment 4. The 
explicit form of Yukawa matrices in this example are obtained as 

/ 0.00569 \ ( 0.000133 3.83 x 10"^ \ , . 

" ~ (^ 0.0179 0.159 J ' V 2-88 x 10"^^ 0.00379 / ' ^ ' 

This leads to the realistic mass ratios and mixing able, but the small overall 
magnitude similarly to the example in Assignment 3. We need some enhancement 
of the overall magnitude. 

The sixth row in Table 3 shows an example in the class of Assignment 5. The 
explicit form of Yukawa matrices in this example are obtained as 

" ~ i 0.0309 0.500 j ' '^ ~ i 0.0214 0.0309 j ' ^ ' 
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Class 


<32,Q3 U2,Us 


d2,d3 


Hu 


^d 


(RiY 


iR2r 


rric 
nit 


ms 
rrih 


Vcb 


1 


^(2) ^(4) ^(3) ^(2) 
^2 i-'2 ^3 ^^3 




fl 


Ti 


27.8 


107 


0.0038 


0.029 


0.041 


2 


^{2} rp{4) rp{3) rp{2) 

^3 '^3 ^2 '-'2 


-^2 '-'2 


Ti 


Ti 


24.0 


150 


0.0038 


0.032 


0.041 


3 


^2 '-^2 -^3 '-^3 


f>(2) ^(4) 
^2 ' ^2 


Ti 


-^2 


196 


316 


0.0038 


0.019 


0.042 


4 


^(2) ^(4) ^(2) ^(3) 
-^2 '-^2 -^2 '-^2 


2^(1) 2^(4) 


-^2 


Ti 


416 


226 


0.0040 


0.035 


0.035 


5 


^2 )-'2 ^2 1^2 


t(3) t^(2) 
-^2 )-'2 


t(4) 
-^2 


^2 


368 


400 


0.0038 


0.029 


0.041 


Central values from experiments 


0.0038 


0.025 


0.041 



Table 3: Realistic examples 



This leads to the ratio Yf/Yi, = 13. In Assignment 5, we also have examples 
leading to similarly realistic results for rric/Tnt, ms/mi, and Vet, and the ratio 
Yt/Y, = 0(1). 

As results, we have found many examples of assignments leading to realistic 
values of the mass ratios mc/mt and ms/mi, and the mixing angle Vcb- It is quite 
non-trivial to derive reasonable values of three observables rric/fnt, ms/rrib and Vcb 
by only two independent parameters Ri and i?2 in models with renormalizable 
couplings, which can be derived from string models. 

So far, we have considered the Yukawa couplings which are induced only for 
the nearest fixed points. Such approximation is reliable in our results, because 
our realistic examples are obtained for large values of Ri. Actually, we have 
examined Yukawa coupling contributions due to quite far fixed points. Then we 
have obtained almost same results. 

We can extend the above analysis to the full (3 x 3) Yukawa matrices. For 
example, we assign three families of Q, u, d as follows. 



Q 

u 

d 



rjn(l) rp{2) rpW 

-'S ) -^3 ) -'S 5 

^(1) ^(2) ^(3) 
-^2 5-^2 5-^2 ) 
^(2) ^(3) ^(4) 
-'2 5 -'2 5 -'2 5 



(35) 



and both of Higgs fields with Ti. Then, this example leads to the following mass 
ratios and mixing angles. 



mt 



3.7 X 10 



-9 



rrir 



mt 



^ = 1.7 xlO-^ ^ 



TUb 



0.22, 



K 



cb 



rrib 

4.6 X 10"^ 



3.8 X 10"^ 

9.9 X 10"^ 
Vub = 4.8 X 10-^ 



(36) 



when we take R^ = 37.1 and -R| = 572. In this example, all of mass ratios 
except rriu/iTLt are reasonable values, and the Cibibbo angle Vus is predicted as a 
realistic value by only two parameters, Ri and R2, but the other mixing angles 
are suppressed too much, although it is non-trivial to fix seven observables by 
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only two parameters. Similarly, we have investigated all of possibilities, but it 
seems difficult to fit all of quark masses and mixing angles to be consistent with 
the experimental values by only two parameters Ri and i?2- Some extension is 
necessary in Zq-I orbifold models in order to derive all of quark masses and mixing 
angles. It may be reasonable that higher dimensional operators can contribute to 
small couplings ^^ like Yukawa matrix entries relevant to the first family, as we 
assumed in the analysis for (2 x 2) sub-matrices. It is also plausible that loop- 
effects have non-trivial contributions for some entries. Alternatively, it would be 
helpful to introduce more than one pair of Hy, and Hd. 

4 Conclusion 

We have systematically studied the possibility for leading to realistic values of 
mc/mt, ms/mb and Vcb in Z^-l orbifold models. We have found realistic examples 
of Yukawa matrices. In particular, the classes of Assignments 1 and 2 have 
many realistic Yukawa matrices. Our result is the first examples to show the 
possibility for deriving the realistic mixing angle by renormalizable couplings in 
string models with one pair of Hu and Ha- 

To realize our results, the moduli Ri and i?2 must be stabilized at proper 
values. How to stabilize these moduli is an important issue to study further. 

One can extend our analysis to other non-prime order Z]\f orbifold mod- 
els. Similarly we can discuss Z^r x Zm orbifold models, and extensions to non- 
supersymmetric orbifold models might also be interesting. Such systematical 
study will be done elsewhere. 

Another important extension is to study the lepton sector. The situation 
would change for realizing large mixing angles. It is interesting to investigate 
systematically whether one can obtain realistic lepton masses and mixing an- 
gles by renormalizable couplings derived from string models. Such systematical 
analysis will also be done elsewhere. 
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